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The basic 'assumptions of the quasiparticle-phonon nuclear model are formulated and its
mathematical formalism presented. The Hamiltonian, which contains finite-rank separable
isoscalar and isovector multipole, spin-multipole, and tensor particle-hole and also
particle-particle interactions, is transformed to a form with quasiparticle, phonon, and
quasiparticle-phonon interactions. A general RPA equation is obtained, and special cases are
discussed. The very complicated interactions do not make it difficult to describe the
fragmentation of the one-phonon states. It is shown that three-phonon terms, added to the one-
and two-phonon terms of the wave function, lead to an additional small shift of the two-
phonon poles in the secular equation. The influence of a density-dependent separable
interaction on the vibrational states is weak. A general description of the collective, weakly
collective, and two-quasiparticle states in even—even strongly deformed nuclei is

obtained.

1. INTRODUCTION

The energies and wave functions of two-quasiparticle
and one-phonon states in even—even deformed nuclei were
calculated during 1960-1975. A fairly good description of
the currently available experimental data was obtz«)‘ined,l
and predictions that were subsequently experimentally
confirmed in many cases were made. It appears to us that
new calculations of vibrational states in deformed nuclei
are needed. We say this because of the large number of new
experimental data in addition to those that include the first
quadrupole and octupole states. There are experimental
data on hexadecapole states, and also high-lying collective
and weakly collective states. It is to be expected that many
experimental data will be obtained with the new generation
of accelerators, and the results of calculations may be help-
ful subsequently.

Vibrational states must be calculated on a new basis
such as the quasiparticle—phonon nuclear model
(QPNM).>* The QPNM is used for the microscopic de-
scription of low-spin vibrational states with small ampli-
tudes in spherical nuclei not far from closed shells and in
strongly deformed nuclei.

Let us consider specific features of deformed nuclei.
On the transition from spherical to axial symmetry, the
spherical subshells are split into doubly degenerate single-
particle states. This splitting of the subshells leads to a
decrease in the matrix elements of some operators between
one-particle wave functions of the axisymmetric Woods—
Saxon potential compared with the matrix elements of the
same operators between the wave functions of the spheri-
cally symmetric Woods—Saxon potential. Such a decrease
in the matrix elements has a strong effect on the vibrational
states of the deformed nucleus.

The wave functions of the excited states of the de-
formed nuclei have the form
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We shall restrict our investigations to an intrinsic wave
function ¥, (K"0) with good quantum number K, parity ,
and o==1. It is possible to take into account Coriolis
interaction when necessary.

A specific property of deformed nuclei is that one-
phonon states with the same K™ can be formed as the result
of different multipole and spin-multipole interactions. One-
phonon states of electric type or states of natural parity
with fixed K™ can be described by multipole interactions
with Au=KK, K+2K, K+ 4K, etc., and by spin-multipole
interactions with /1/1#=KKK, K+2K+2K, etc. One-
phonon states of magnetic type or states of unnatural par-
ity can be described by the spin-multipole interaction
A'LK with A’=L4+1 and by a tensor interaction. If in
deformed nuclei, as in spherical nuclei, independent pho-
nons of electric and magnetic type are introduced, then the
number of states is doubled. To avoid doubling a phonon
operator that combines the electric and magnetic parts was
introduced in Ref. 4, 5.

In this review we present the mathematical formalism
of the QPNM for the microscopic description of even—even
strongly deformed nuclei. The main assumptions of the
model and the Hamiltonian are formulated in Sec. 2. The
general RPA equation and some special cases are given in
Sec. 3. In Sec. 4 we introduce the wave function of nonro-
tational excited states and obtain the basic equations of the
QPNM.

2. BASIC ASSUMPTIONS IN THE QPNM

The initial QPNM Hamiltonian for nonrotational
states of deformed nuclei consists of the average field of the
neutron and proton systems in the form of the axisymmet-
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ric Woods-Saxon potential, monopole pairing, and isosca-
lar and isovector particle-hole (ph) and also particle—
particle (pp) multipole, spin-multipole, and tensor
interactions between the quasiparticles. The Hamiltonian
can be written in the form

H=H,, + Hpp+ Hy+ Hs+Hy. (2.1)

The effective interactions between the quasiparticles are
expressed in the form of series over multipoles and spin
multipoles. It is important that the interaction between the
quasiparticles is represented in a separable form, which
was first introduced by Yamaguchi.® A separable interac-
tion of finite rank n,,, > 1 is used in the cases in which the
results of the calculations are more sensitive to the radial
dependence of the forces as compared with the calculation
of the structure of complex nuclei in the QPNM. It can be
assumed that separable interactions of finite rank between
the quasiparticles do not restrict the accuracy of the cal-
culations.

We introduce a separable interaction of finite rank for
deformed nuclei. For example we consider a central spin-
independent interaction V(|r;—r,|) and expand it with
respect to multipoles:

S R s 3
V(ll'l—l'2|)= 7l (rl)rZ) 2/1+l

p=—2

X (=D Y3,(0091) Y;_ . (6,92).
We represent the radial part R’l(r, ,r;) in the form

Mmax

R r,m)= 2 ERAPRMr). (2.2)
n=1

Most calculations in the QPNM are made with a simple

separable interaction '

R*(r,r) =K*R*(r )R (ry). (2.2)

We transform the initial Hamiltonian of the QPNM.
To this end we make a Bogolyubov canonical transforma-
tion

Ao=uy+ova) ,, 2.3)

in order to go over from the particle operators a,, and a;,
to the quasiparticle operators a,, and a;f,,. We introduce
phonon operators of two types. If we take into account
only interactions of electric type, then the phonon creation
operator has the following standard form:

.
Oki0=2 qlz;’z {'ﬁq:;zA *(192:K0)

— 651 A(gq1gp;K— )}

0195 (2.4)

If we take into account electric and magnetic interactions,
then we write the phonon operator>’ in the form

1 Ki . T
+ = + .
ko= q%: (¥, ¢,(1+i0) [47 (4192;K0)

2
—x(0192)4" (9192:K0) ]
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~ 8y (1—i0) [A(q1g2:K — )

+x(919:)A(q192;K—0) 1} (2.5)

The operator (2.5) combines electric and magnetic parts;
the coefficients of the electric part are real and of the mag-
netic part imaginary. This form of the operator is more
convenient than the one given earlier in Ref. 4. Here i=1,
2, 3,... is the r}{qmber gf thi _soluti(I){x; of the secular RPA
. 1 1 1 1

equation and 1[1‘]1;2 = 1/)‘12;1 N 41';2 =¢ ‘12;1 . The quantum num-
bers of the single-particle states are denoted by go, where
o==1, g=K" and by the asymptotic quantum number
Nn,At for K=A+1/2 and Nn,A| for K=A—1/2. States
that differ in the signs of o are conjugate with respect to the
time reversal operation. The operators 4(q,g,;K0) and
A(g19,;K0) are given in Appendix 1, and

x(9192)4(9192:K0) = —x(9291)4(4142;K0)

=x(4291)4(9:9,;K0).

The one-phonon state in the RPA is described by the
wave function

+
QKila\PO ’

where ¥, is the wave function of the ground state of the
even—even nucleus, defined as the phonon vacuum. The
normalization condition of the wave function (2.6) is

1460 Kiy \2 Kiy \2q
T2 ‘l%‘z [(¢‘11‘;z) —(¢‘l1‘}2) =1

(2.6)

(2.7)

It is easy to show that the phonon operators Q},.la and
QK"W in the form (2.5) satisfy the conditions that are usu-
ally imposed on RPA phonons.

By means of the expressions (2.4), (2.5), and others,

and making various manipulations, we transform the
QPNM Hamiltonian to

Hopnu= 2 e@qctgotHy+Hay, (2.8)
qo

where the first two terms describe the quasiparticles and

phonons, and H,, describes the interaction of the quasipar-

ticles with the phonons. They have the form

H=HY+ Y H'+ Y Hf, (2.9)
) K

1 20i; 20i
H'=—5 > X ’Gr[(uﬁl—vﬁ,)("ﬁz—vfh)gq o8
2 Tiih 9192 .
20[1 20i2 +
+ W, qlwaqZ] onil Q20i2 ) (2.10)
Pmax 0 0 0i 0i.
=Y 31 X [g°+pd) DD
n=1 Tiliz P=tl
A0 0y yAA0: AOi
— 5%+ pi*%) D D)
+GO DD+ D)D)
AAD A0i. A0
+G [#gnr ID;IIT 2
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Al
+DﬁgllDAwn?2] QEilQAOiz, (2.11)
2 IlleKtlaQKlzaﬁ (212)
i
Wiy =Wis + Wi + Wi (2.13)
KE AK
Wlllz ZW’]’Z
1 Ki Ki
=3 Z| [t sotoolo:
At n=1 1\ p==x1
AK Ky AAKiy nAAKD
— (k) prc Ky DA D]
AK, AKt Ki AKi Ki.
+GK( DMk DX D)
AAK AKi AKi. i AKi
+ GHA( D2 s Dl Ak (214

pts 3% 3 W

Lt A'=Lx1 n=1 p==«1

+pl(1{ LK) U:TLKtlDi, LKiy

+GA'LK(D1~'LK11DA'LK12 DA'LK:',UULK[Z)]
nwr !

ngr ngr

max

wir=12 X X (o

Ul
12 Lt n=1 p==1

L—1LKiy pyL+1LKiy
+pK7t) D, D

npt ’

A0 K
H,=HY+ §HW+ %‘,H :

D S N U R AT (e

iy [0

20i
+¢ql;'1Q20il) 2 agag+he.,

HO=_13 3 37 VO ae) (O

m n=1
+Qi0;,) B(9142;
K=0)+hc},

+ ki, —0)B(9192;K—0) +h.c. ]
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(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Vi (giq0) = fh (qlqz)[ Z (kK + ity ) O

19

41‘12

—GM*y (+)D1~K'1]

+%(qa) Y 1 (kg™
p==+

_+_pK/;J~K)v(+)ﬂJ~K'1

Lits)

(2.22)

H/l LK _

DI PP

llfO‘ 9192

(o—

+pr} 'LK)DA o

in

+
(Q&.J,

—QKil_,,)%(qlqz;K—cr)+h.c.], (2.23)

HLK T__

i T(KTO + pKTT)

hto Q9

L—1LKi
X[ Do O  (g140)
L+1LKi -
+ D, T (0100) g, [ (o

—Qki, o) B(q192;K—0) +h-C-], (2.24)

where

Dthl

(+) Kiy
qlq2 qlqz

X7 (g (2.25)

u9

Ki;
(01920908,

D Y 7

ngr
9192

(2.26)

DI (227)

AK
PR CAT A
992

D LK _

nrt

X LK(Qle)u,,]q2 i qZX(41¢12) (2.28)

91192

for A’=L, L+ 1. In the case of simple separable interac-
tions n,,,=1, the index » in the functions (2.25)-(2.28)
is absent and the matrix elements have the form (A9).
Here ¢, 1s the eI?ergy %f a qI?ampar}t(lcle W}}h monopole
' 1 ] 1 1
palnng’gqlqz ¢41;2 + ¢‘11;2’ qléz = ¢91;2 - ¢ql; -The oper-
ators B(q,q,;Ko) and B(q,9,;K0), and also the matrix
elements of the multipole and spin-multipole operators
f*%(q,q,) and fE*'XL(44,) are given in Appendix 1.
Further u( ) =gV £ Uyl ‘h’v‘llqz Ug g, £ vqlqu.Sum-
mation over the single-particle states of the neutron and
proton systems are denoted as 2;142 for 7=n or 7=p, re-

spectively. Replacement of 7 by —7 means replacement of
n by p:

Y A(r) B(—7)=A(p) B(n) +A(n) B(p),
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2 A(7)B(pr)=A(7)B(7)+A(T)B(—7).
p==1
The constants of the monopole neutron, 7=n, and proton,
T=p, pairing are denoted by G,. The isoscalar and isovec-
tor constants of the fh multipole interaction are denoted by

1¢K and «}X, and G*X =G4+ G}X is the constant of the pp

multlpole interaction; :/‘ Lk :(1 LK and kK, kEK are the

constants of the 1sosca1ar and isovector ph spin-multipole
and tensor interactions, and G* LK is the constant of the
pp spin-multipole interaction.

Most calculations of the structure of excited states and
the B(EA) values have been made with the phonon oper-
ator (2.4) and simple (n,,,=1) multipole interactions

with qu in the form
AK
HE= ; H,

=—1X2> X X fAK(‘Il‘h)”qﬂz('JK

o A p==x1 qq

+pkiE) DU (QF o+ Okiy— o) B985

K—0o)+hcl, (2.29)

and the probabilities of MA transitions are calculated in
Ref. 7 with the phonon operator (2.5) but without the pp
spin-multipole interaction.

Calculations in the QPNM are made in four stages.
The first stage consists of the calculation of the single-
particle energies and wave functions of the Woods—Saxon
potential. The parameters of this potential are fixed in four
steps: 1) the single-particle energies and wave functions are
calculated with certain parameters of the potential; 2) the
equilibrium shape of the nucleus is calculated by Strutin-
sky’s shell-correction method, and in this way the param-
eters of the quadrupole, 3,, and hexadecupole, B,, defor-
mations are also fixed; 3) the phonons are calculated in the
RPA; 4) the wave function of an odd nucleus is taken in
the form of a sum of a one-quasiparticle component and a
quasiparticle-phonon component; the quasiparticle—
phonon interactions are taken into account and the calcu-
lated energies and wave functions of the nonrotational
states of odd nuclei are compared with experimental data.
If sufficiently good agreement with the experimental data is
not obtained, then the parameters of the Woods—Saxon
potential are changed, and new calculations of all four
steps are made. This procedure is repeated until a suffi-
ciently good description of the experimental data on the
low-lying nonrotational states in the odd nuclei has been
obtained. One could no doubt use a different form of the
potential of the average field or calculate the energies and
wave functions of the single-particle states by the Hartree—
Fock method in order to use them in calculations in the
QPNM.

In the second stage of Bogolyubov canonical transfor-
mation is used to go over from the particle operators Ago
and a, to the quasiparticle operators a,, and o, and
calculations are then made in the framework of the model

160 Phys. Part. Nucl. 25 (2), March-April 1994

of independent quasiparticles. Most calculations are made
with monopole pairing. If a monopole pairing with con-
stant G, and a quadrupole pairing with constant G*° are
present simultaneously, then the condition of elimination
of 0F ghost states yields the equations®

G, « . Cit/Pgq9)C,
== Y (2.30)
2 9 Ck,
20 20 (+)y2
1=620(2rf2g”)cf NURCIRLR
215 ’ E+El ’
! S T s
and
N— Z §(q) (2.32)
&g

Ignoring the nondiagonal matrix elements f2°(gq’) in Eq.
(2.31), we arrive at the equations obtained earlier in Refs.
9 and 10. Here

e =[A2+E(9) 1% E(q)=E(q)—A4,,

A,=C+*(qq)Cyr, C,=G, X ug,, (2.33)
q

=GP Y7 fP(gq)ug,,
q

where E(q) is the single-particle energy, and A, is the
chemical potential. The energies of the two-quasiparticle
states are calculated with allowance for the blocking effect
(see Ref. 1).

After this the RPA phonons (2.4) or (2.5) are intro-
duced and the RPA secular equation is solved. In the
QPNM the one-phonon states (2.6) with the operator
(2.4) are used as basis. Thus the third stage consists of
calculating a one-phonon basis. In actual calculations of
low-lying states the one-phonon basis usually consists of
ten (i;=1, 2,...,10) phonons of each multipolarity: quad-
rupole (lﬂ=20, 21, 22), octupole (/lu=30, 31, 32, 33),
and hexadecapole (4,=43, 44). The states with energy
above 3 MeV are calculated with a large phonon basis with
A>4 and 20 phonons of each multipolarity. The phonon
space corresponds to the complete space of two-
quasiparticle states in even—even deformed nuclei.

As a result of the transformations, the QPNM Hamil-
tonian is reduced to the form (2.8). In the fourth stage the
interaction of the quasiparticles with the phonons is taken
into account. The wave function of the excited states is
represented as a series with respect to the number of pho-
non operators; in odd nuclei the wave function consists of
sums of single-quasiparticle, quasiparticle-phonon, etc.,
terms. The approximation consists of the truncation of this
series. In the calculations the Pauli principle is taken into
account by means of exact commutation relations between
the operators of the phonons and quasiparticles with the
phonons. The strength-function method is used to calcu-
late the characteristics of the highly excited states. Using
one of the forms of the strength-function method, one can
directly calculate the reduced transition probabilities, spec-
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troscopic factors, transition densities, cross sections, and
other characteristics without solving the corresponding
secular equations.

The interaction of the quasiparticles with the phonons
leads to fragmentation of the one-quasiparticle, one-
phonon, quasiparticle-phonon, two-phonon, and other
states. The quasiparticle-phonon interaction is responsible
for the increasing complexity of the structure of the nu-
clear states with increasing excitation energy.

3. RPA EQUATIONS
3.1. RPA equations for 0t states

We shall give the RPA equations for different cases.
The one-phonon states form the basis of the QPNM. We
therefore devote great attention to the solution of the RPA
equations. In the RPA the interactions between the quasi-
particles in the ground and excited states are taken into
account. The ground-state wave function ¥, of an even—
even nucleus is defined as the vacuum relative to the var-
ious phonons. Besides quasiparticleless terms, it contains
four-, eight-, and more-quasiparticle terms (see Ref. 1).
The RPA is valid when the mean number (a;j,aqa) of the
quasiparticles in the ground state is small.

Excited K"=0" states occupy a special place in nu-
clear theory. The impression is created that many difficul-
ties of the theory are concentrated on them. The wave
functions of the 0% states are determined by the pairing
and quadrupole and possibly hexadecapole interactions.
Besides one-phonon terms, they contain two-phonon terms
and, at higher excitation energies, many-phonon terms. In
the RPA description of the 07 states, the ghost states that
arise from the conservation of the number of neutrons and
protons on the average must be eliminated.

The K=0 states are described by means of
a-independent phonon operators in the form

A0i. Al
0y =3 2 [V 0K =0~ 00K =0,
(3.1)
where
A (919K =0)= X ooy _,.
o
The normalization condition for the wave function
Qiio;, Yo (3.2)
has the form
A0iy ,A0iy A0y , AOi:
Z [ 9142¢9142_¢1142¢‘11q; 5'1'2 (3.3)

and

A0i A0i;
A(0195K=0)=2 3 [}, 1004+, 'O, |-
i

For the description of the 0" states, we use simple
separable forces, n,,,,=1, and ignore the spin-multipole

and hexadecapole forces. We use the Hamiltonian
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Hypa(0*) = 2 e@itgo— 2 |5 Z Gl (ug —v ) (i,

qo Tiyi 41142
20iy 2012 2011 2012 Kzo
) 84,0, qzqz+ @49 q2q2]+ P=Z=1=1 (ko

0y 1720i 720l | ,20[ 7320i; 14200
+p{%) DI DL+ G| DL DY)

20i, 2012

+D,, . (3.4)

We calculate the mean value of Hgp, (0™) with respect to
the state (3.2), and to find the energies @y, of the one-

phonon states we use a variational principle in the form
2011 2011 —

z 840,00, =0,

(3.5)

where w,g; plays the role of a Lagrangian multiplier, and

81 Qa0 Hrea (07) Q50 ) —

the variations t’)‘gm'I and 8w20‘ are treated as independent.
We obtain the equatlons

20i
Mzgq,qlz @20, qlqz G"sqﬂz(“ql "q.)d‘ :
—2G% (g ) DY -2 X (k)
p==1
+P"%0)f20(4142)u,(,$2)D2°" 0, (3.6)
20i
quqz 41'112 20:l ql‘lz raqlqz
—2(;20f20(4142)1)¢§1+.,2)D20‘1 0, 3.7
where
Tg(q) 20iy iy r o 200
Eq0,= Eq,s d'l % E—ngq , d'wf=§ wqq‘.
(3.8)
From Egs. (3.6) and (3.7) we find g ' and wf1°;l

which are substituted in the functions DZO" DZO'l d‘ ! and
d' ! . The corresponding system of equations is ngen in Ref
8. The ghost states are then eliminated. From the condition
of elimination of the ghost states with w,0,=0 we obtain
Egs. (2.30)-(2.32), which describe monopole and quad-
rupole pairings. In this case £, is given by Eq. (2.33). Asa
result we obtain the system of equations

PN

p==1
204 204, iy i) 0iy i
+GPX, D, + G, Vid! +G W2 =0,

0 2011 2011 2011 20 2011 2011
o+ X, 1D — D4 6K, DY)
(3.9)

2 (K20+pK20)X2011D2011+ [GZ()XZOII— I]DZOII

p==1
+GX D+ GV dL + G Wdl =0, (3.10)
z (K20+pKzo)X2011D2011+G20X2011D2011
p==1
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+ [G20X3011+ —1] Dzw(fl + GrVil,Tdi,l,."}' G-rWiSild:}rr=0’

(3.11)
> 1 (k' +pS) Vi D21+ GOV DI+ G2V D
pon
+[G, 21 ~11d" +G, 81 d" =0, (3.12)
S (k2 ) W2011 D2011 " GZOWZO" Dzoz1
p==1

+GPWN DI 4G, Q) d“ +G,Wd! =o.

To find the energies w,;; and wave functions of the 0%
states, it is necessary to solve the system of 10 equations
(3.9)-(3.13) for 7=p and 7=n with allowance for the
normalization condition (3.3). Here

[ fzo(qlql) u;;; ] 2891"2

(3.13)

XM= (1484 27
KO 2 2 )
LU'7) 89192_w20i1
20/ * LS 2°(q1q2)v;li;2) Veq,
X 1 (1+6K0) E 82 —(02 ’ (3'14)
992 919, 20i1
20 2,.(+) ( )
20’ f (q qZ)] qlqz ‘11‘12 201'1
X 1=(146x) 27 — ;
% €g19, ©20i;
i o, @) U v,
xXon- ¥ 3 > . (3.15)
ua €419, @20i)
20 2, (+) ( )
20i; [f (q qZ)] qqu qlqzsqlqz
XET = Z 52 602 ’
9192 a9 204
0i . [f20(4142)v¢(,:f12)]2 27
Wi = e (& —ol)
% N92\"919, 204
L C2+2/%(9q)C,C,,
p 26q(4€ cozo,) ’
20 2,,(+) (—)
0i , [f (qqu)] qlq2 qquCZ‘r
win= 3 e ——
a9 99 20
oS (q9)C:
A2 2
p eq(4eq—w20,-l)
(3.16)
o . [f20(4142)vq142]20276020:,
W;‘rl: z (E (02 )
9 €919, Eq,9,— P20iy
*°(99) C o0,
+ Y s
” Zeq(4eq—w20,-l)

20 =) (+)
0iy ZT [f (qqu)] qlq2 qlqz CZT
37 = 52 _wz .
9192 919 20
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20 C
L3 [T (g9)é(g)C,

(AL 2 N
e,,(4tsq—a)20,-1 )

) 20 2 2
Vi3 7 (99)26°(q)

eq(4£q—a)20,~l) ’
i Z F2(49)E(g) o,
—2__2_
wr— Aol )
" (3.17)
P ZT f%(q9)2(q)C,
T P Eq(4€q—w20,'l) ’
. 2£%(q)
h__
8 T ; Eq(4£q—w20,-l) ’
(3.18)

: C,+/*(qq)C,,
Qi3 [C-+/"(g9) 2]§(4).

T2
27 £4(4e;,— ;)

The determinant of the system of equations (3.9)-
(3.13) has rank 10; it is given in Ref. 8. If separable quad-
rupole interactions of rank n,,, > 1 are taken into account,
then the rank of the determinant for finding the energies
@20i, of the one-phonon 07 states will be 4+ 6n,,,. Our
calculations of 0% states in Refs. 11-14 were made with
n,.x=1 and radial dependence of the quadrupole forces in
the form R*(r) =dV (r)/dr, where V(r) is the central part
of the Woods—Saxon potential. Among the solutions of
these equations there are no excess ghost solutions. The
ghost solutions must be eliminated. If they are not elimi-
nated, then two ghost states are distributed among the low-
est O states.

Investigations'"'? of the 0" states showed that the role
of the pp interactions is important. With increasing G*° the
low-lying poles of the RPA secular equation change. As a
result the value of B(E2) for excitation of the first I"K;
= 270, state and the energies of the 05, 05, 0}, etc.,
states are reduced for G°=«2’ compared with G*°=0.
Moreover the wave functions of the 0" states are changed.
The inclusion of pp interactions basically improves the de-
scription of the 0% states.

Calculations of superdeformed 0* states in >**U and
240py were made in Ref. 15. The calculated energies of the
first excited O states are close to the experimental data.
The probabilities of EO transitions in the superdeformed
states are in agreement with the experimental data. The
second and some other 07 states in 2**U and 2*°Pu belong
to the isovector type. Quadrupole pairing plays an impor-
tant role in the description of the superdeformed states.

3.2. RPA equations for K"#0" states

We give the RPA equations for the energies wg; and
wave functions (2.6) of the one-phonon states with
K™40" in both the general case and for different special
cases.

We first consider a fairly general case. We take the
phonon operator in the form (2.5) and use the following
part of the Hamiltonian (2.8)—(2.10):
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Hypa(K"#0%) = 2 e00000+Hy (3.19)
go

ignoring the spin-multipole and tensor pp interactions. We

determine the expectation value of (3.19) with respect to

the states (2.6) and, using the variational principle, obtain

the equations

Z Zf“‘(qxqz)

n=

K
Uy 2 (K0

p==x1

Engq a9

—w
K’l 414

K\ nAKip | (=) AK pAKi
+ijf )anrl+vql‘]2G D 1

=0, (3.20)

AK (+) K /1101
;fn (9192)v,,4, G D,

K‘ K‘ max
n Bl

w — . —
quqZ 919, wK’lgqlqz Z

+ZZ

’ ' A’ LKy oA/
‘ 2 (k5 4 ot ) Dy (@)
p=x11 21
XUl Y (a1g2) + (K55 + pREY iy X (4162)

(fL lLK(q 9 )DL+1LK11

npt

+fL+1LK(q q )DL ILKII) :0 (3'21)
Here

_ Kll Kiy Kiy
€q10,=Eq, T Eqy 8y ¢qxqz+¢qﬂz’ and

Kiy _  Kiy _¢K11
LI IR IT)) N9’

From Egs. (3.20) and (3.21) we obtain the functions
gK'1 and w*" and we substitute them in the expressions

99 99
(225)-(2.28) for DX, DM, pi¥t and D) MK
L—1,L, L+1,

Bearing in mind that r=n, 7=p and /1’
we obtain a secular equation for the energies of the one-
phonon states in the form of the vanishing of a determinant
of dimension 6(n;+n;), where n; and n; are the numbers
of terms in the sums over A and L in Egs. (3.20) and
(3.21). The use of the separable interaction of rank n,,,
increases the dimension of the determinant by n_,, times
compared with the simple separable interaction (n,,,=1).
If the spin-multipole terms with A'=L are ignored, we
obtain a determinant of dimension (6n;,44n;)n,,,

Most calculations (Refs. 11-14, 16, and 17) of one-
phonon states with K0 have been made with ph and pp
interactions of one multipolarity with n_,,=1. One uses a
phonon operator in the form (2.4) and the matrix elements
A9) with radial dependence R’l(r) =dV(r)/dr, where
V(r) is the central part of the Woods—Saxon potential. The
RPA equations for the states of multipolarity A with K7,
where 7= (— 1)’1, have the form

'{ ll AKi]
€41984,9, ~ P1Ki\Wg g,
= 3 (e ) g D
gt 192
— G K (g1g)0( ) D=0 (3.22)

919
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AKi, AKi AK pAK + Ki,
w04 1N — G K (g,g,) v ) D =

5‘11‘12 919, 9192 N9
(3.23)
From these equations we find g and w; q" , which we

substitute in the expressions (2 25) (2.27) for D’1 ki

Dgf" and Di'm 1. As a result we obtain the system of equa-
tions

2 (Ké,K_l_pM;K)X}.KzIDAK:I

p==1

+ X D] =0, (3.24)
i i i Ki
pzzil(K/(?).K__‘}_pk}l.K)XQZID’IKI_i_[GAKXﬁKI _1]D;TI
+G*x) X piKi—o, (3.25)
z (K},K ij,K)XllKllDAKll+GAKXAKIIDAK11
p=
+| e x4 —1] Dk o, (3.26)

The functions X are given by the expressions (3.14) and
(3.15), in which 20 is replaced by AK. The energies @;Ki,
and wave functions are found by solving Egs. (2.7) and
(3.24)-(3.26). The rank of the determinant of the system
is 6.

We give the RPA equations for the multipole interac-
tion with the radial function

avi(r,) aV(ry) 1
Rl‘("]"z)——;:'l’i §?V(r1)V(r2)

This equation contains a surface part and a density-
dependent part; ¢ is a new free parameter, and ry=1.2 fm.
We denote the matrix elements (q,|1/7V(r)Yx
(6,9) |g,) by /*%(g,4,). The connection between a sepa-
rable multipole interaction and a Skyrme interaction was
investigated in Ref. 18. A separable interaction containing
a density-dependent part was introduced; in the framework
of the RPA it was found to be equivalent to a zero-range
Skyrme interaction. Equivalent separable forces can be ex-
pressed in terms of transition densities for vibrational
states.
We represent the function WKE (2.14) in the form

wrKEZL SIS (KAK+p‘({K [D;.K,,Df’fiz

2 T p==+1
+§D;f'1D;f;2] +GAK[D;ff1D;~f"2
AKi Ki. Ki Ki. Ki Ki:
+D,, 1D/lurr 2+§(D/21g1-1D/21g1-2+ DlzlwleAw'r ? )] ’
(3.27)

where ok f" D ff", and DA Kii have matrix element

f%(g,q,) instead of f** (qlqz) In this case we obtain the
RPA equations
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Cony Ok = 2 (68
X[F4(a0@) D +8£55(a190) Dy ] — G50
X [F¥(0102) D+ 6 £3(0102) D' | =0
(3.28)
and
quqzwffq‘z Ktlgf:,} — Gy ,5:;2) [f M(‘]ﬂz)DA,,,fi1
+6/55(a19) D5, | =0. (3.29)

The order of the determinant of the secular equation is 12.
Calculations of K"=2% states in '®Er using Egs.
(3.28) and (3.29) show that the influence of the density-
dependent part of the interaction is small for £=0.1-0.2.
The quadrupole strength is shifted for £ > 0.4 from the first
2{" state to a state with higher energy, in disagreement with
experimental data. This indicates that a separable density-
dependent interaction is not so important for the descrip-
tion of the vibrational states. The transition densities are
more sensitive to the density-dependent interactions.

The most collective low-lying vibrational states are of
quadrupole and octupole type. These states should be de-
scribed by a phonon operator in the form (2.4) with al-
lowance for ph and pp multipole interactions. The particle—
particle pp interactions improve the description of the
energies, the B(EA) values, and the structure of these
states. The E1 transitions from the ground state to K"=0"
or 17 states should be described with allowance for the ph
and pp octupole interactions, and also the pk dipole inter-
actions. To calculate E4 or E5 transitions to K"=2% or
K™=07, 17, 27, 3~ states, the wave functions of these
states must be described with allowance for the ph and pp
quadrupole and ph hexadecapole interactions or the p4 and
pp octupole and ph A =5 interactions. The RPA equations
for such cases have the form

Kll
DkiW 919,

(+) z (KéK

— (@) |ug)
p==x1

c Kiy
‘quzgqlqz

919,
— M (qg)ult) X (kG
p==x1
+p} =) D2 i =, (3.30)
Ki Ki AK fAK (+) pyAKi
eq1q2wq1;2—w,< Ml -G (qq)v,MZD’1 1—0
(3.31)

Calculations of E1 transitions from the ground state to
I"=1" states with K=0 and 1 in even-even strongly de-
formed nuclei using dipole and octupole interactions were
made in Ref. 19. The energies w;x;, the B(E3) values, and
the largest components of the wave functions are mainly
determined by the octupole interaction. The isovector di-
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pole interaction has a weak influence on the energies,
B(E3), and structure of the states but has a large influence
on B(El).

To describe magnetic MA transitions from the ground
state to the one-phonon states, it is necessary to use the
phonon operator (2.5) and take into account multipole ph
and pp interactions and also magnetic spin-multipole ph
interactions. The RPA equations for such cases have the
form

Kiy Kiy AK (+) K
E‘Il‘lzgqlqz_w’“lwaqz_f (q‘ql)uql‘lz z (M

+px%")D”"—f“‘(qlqz)vqlq;G*KD”‘“ , (3.32)
iy Kh AK (+) AK prKiy
quqzwaqz wle @ _f (qqu)vqlqu DA
_ 3 ( L—1LK
p==1
L—1LKi
+pri DT PL UK (g9 ) u 7 ) x (4142) =O0.
(3.33)
From these equations we find g and wq:‘;z, substitute
them in the functions D/l K" D/1 Kiy D’lwfi‘, and
Df_lLK” , and obtain the system of equatlons

z (l(gK'FpK%K)XiKi]Dﬁfil—DiKi’—l- 2 (Ké‘_lLK
p==1 p==1
+PKf 1LK)ZzLT lLKtlDL 1LK11+G,1K
) @34
3 [+ petf)Zi D1 o110

p==1

+pKi
+ GHK[ZE 1K i 7K i) =0,

L— lLK)ZL—lLKilpL—lLKill _DL—ILKil
T T
s

(3.35)

S [+ e (g e

p==1
L—1LK\ A LKi; nL—1LKi, AK vAKi ™
+pif K Z K p IR 4 | gHRx:

+GHxKh pi

Ki
-1t
(3.36)
DRCRT
p==
+ PK1L 1LK)Z§TLK1'1 DII;T—ILKil] + G‘KX;'fi‘ D;.fil
+[ e x4 1] piKi—o

Here the functions X are given by (3.14) and (3.15), in
which 20 is replaced by AK and @20, by i ;

(3.37)

L—1LK (—)72
L—1LKi; T Lf (9192)44,6,1¢4,0,
z =2 — ,
T £ —W%;
un nn K

(3.38)
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. f'lK(qlqz)u;:;z)fL— ILK(quz)u,(,;h)X(m%)wKil

= 2 2 ’
a9 €4,9,— 9Ki,
(3.38")
LKi
z, "
. f'lK(¢11¢12)vf,l_qz)fl‘_”‘K(qm)14.(,1_;2))((4142)5,,142
= 2 2 ’
an 919, “Kiy
(3.39)
LKi
Z
. M (@g)vg ) K (190 ug X (q19n) o,
= 2 2 .
uan €419, ¥Kiy

(3.39)

The rank of the determinant of the system is 8.

We illustrate the unified description of the electric and
magnetic interactions by a simple example. We consider a
system consisting of one particle species (neutrons or pro-
tons) in order to obtain the explicit form of the functions
1/):22 and :/)Z';z. We restrict ourselves to ph interactions of

electric and magnetic type. In this case the RPA equations
(3.32) and (3.33) take the form

Kip _ Kiy _ AK fAK (+) pAKiy
qungqlqz Ok W Kt S/ (4142)144142”1 =0,

9192
(3.40)
Kiy Kiy L—1LK pL—1LK
£910,0q,q,~ PKiBg,q,— K f
X (q192) 15, x (4192) DF~1HX41=0, (3.41)

where D*Xi and DL—1LKii gpe given by (2.25) and (2.28).
From these equations we find g;';z, w:';z and substitute
them in the functions D**t and DL—1LKi Ag a result we

obtain the secular equation
[KA.KX).KI'I__ 1 ] [KL—ILKzL—lLKil__ 1 ]
— MKy L—1LK ( ZALKi1y2
. , (3.42)
DL— 1LKiy =y/1LKil DAKII,

where X*Xii, ZL—1LKi anq ZALKii gre given by the expres-
sions (3.14), (3.38), and (3.38’);

K/’l.KziLKil 1 _KAKXlKil
VALK =T I-TIRZI=TIKG = (I-TIK77IK; - (3:43)

We substitute the functions gffq‘z and w:";z in the nor-

malization condition (2.7) and obtain after factorization
Ki (2Yi1 - K pAK (+)
T +
¢q1q2—£q1q2_wKil [M f (qlqz)uqlqz
+ Ty L ST (02 ug ) (4192) 1,

(3.44)
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( "1)_1/2
Ki) (K FAK (+)
N u
¢‘11‘12 quqz_wa1[ /) na
— L Ry L SR R (@) u i x (1),

(3.45)

where

Y, =(H)2Y + Y2y 4 K Y

AK 2
(f (qqu)u;;;z)) quqszil

Y ) 7 2 ’
! 9192 (quqz—wKi1)
(3.46)
LK (=)y2
v (f (4142)14,,1,,2)) eqlqszil
Li 2 2 2 ’
1 9192 (eqﬂz—wlﬁl)
Yiiki= 2

9192

LR (@) ul ) FA () u ) (a) (6 4+ 0k,

X 7 7 2
(E‘Il‘lz_mKil)

It can be seen from the expressions (3.44) and (3.45) for
the amplitudes 1/151';2 and ¢:22 that they consist of electric
and magnetic parts.

Investigation of magnetic M2 and M3 transition prob-
abilities in deformed nuclei showed’ that the spin-

multipole A’LK=L+1LK tensor interactions have a

weak influence on the structure of states with excitation
energies below 6 MeV and on the probabilities of M2 and
M3 transitions. Therefore we do not take them into ac-
count in Egs. (3.32) and (3.33). The energies and struc-
ture of the vibrational states below 6 MeV in even—even
deformed nuclei are largely determined by multipole inter-
actions. Inclusion of a spin-multipole magnetic interaction
in addition to the multipole interactions leads to a shift of
part of the M2 and M3 strength from the low-lying states
to the region of the giant isovector resonance. The spin
part of the M2 and M3 transitions is predominant, and the
contribution of the orbital part to B(M2) and B(M3) is
1040%.

We do not include in the QPNM Hamiltonian terms
combining the operators

(Q;ilchI‘giz—o
+0ki oOki,—s) and B(g19:;K0) B(q195;K—0).

For the solutions of the RPA equation we must have ful-
fillment of the conditions

X
<QKila 2 €400 00— > WizisQ;izarQKiaa'

qo iyizo’

Q;(_ila>

(3.47)

=0kj,

and
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1
K
<QK1‘117 %Eqa;;aqg— ’2213 Wi, 2 [QI_'(_ionI-‘(-g—a

+ Ok, aQKizo'] (3.48)

QI-+(-1',0 > =0.

If we take into account the Pauli principle for the phonon
operator, the condition (3.48) is not satisfied. The term of
the Hamiltonian containing

( QIEIUQ;(’-Q—U'}' QKiz—aQKila) ’

is used in the multiphonon method® to describe two-
phonon states in deformed nuclei.

The role of the terms of the Hamiltonian containing
the operators

B(q,9,;K0) B(q,9,;K—0)

has been investigated. Numerical estimates in perturbation
theory show that their influence on the vibrational states in
strongly deformed nuclei is small. In nuclei of the transi-
tion region the influence of these terms is not small.

Calculations in the QPNM were made for nuclei with
weak correlations in the ground states. The correlations in
the ground states increase with increasing collectivity of
the first one-phonon states. The particle-particle interac-
tions reduce the correlations in the ground states and thus
extend the region of applicability of the RPA. The mean
number of quasiparticles with quantum number ¢ in the
ground state is

Zn‘”—— PR

Earlier calculations of the mean number of quasiparticles
in even—even deformed nuclei were made in Ref. 21. We
calculated n, and n’l“ for '®Er, 18Gd, and '5°Gd. Thc
greatest 1nterest attaches to the values of n, and n
(ng) max» and (nj “) that are maximal with respect to q
In' accordance with the results for '°Er in Ref. 14,
(n4) max=0.017 and (n22)max—0 016 for the proton state
411, (n2°)max—0 001 for the neutron state 521},
(n3°)max—0 0025 for the proton state 400t, and
(ngl)max-—O 0027 for the neutron state 6331 . The correla-
tions in the ground state for !®®Er are small. The gamma-
vibrational state makes the largest contribution to them.
The numbers of quasiparticles in the ground state in
'8Gd are as follows: (#1;) 0 =0.035 and (n2°),,,=0.02

(3.49)

for the neutron state 52171, (nzz)max =001 and
(n§°)max_o 002 for the proton state 4111, and
(n 1)ma,{—O 012 for the proton state 5321 . The numbers of

quas1partlcles in the ground state of '°°Gd are as follows:
(n4) max=0.04 and (nzo)max—O 03 for the neutron state
6601 , and (n22)m,,x—0 014, (7)°);y=0.014, and
(n“)max—O 024 for the proton states 411{, 4111, and
5321, respectively. The correlations in the ground state are
stronger in '*°Gd and '*Gd as compared with '®Er. The
largest contribution to them is made by the O™ states. This
contribution is greater by a factor 30 in !*Gd than it is in
18Er. The K"=1" state makes a relatively large contribu-
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tion to the correlations in the ground state in both nuclei.
The correlations in the ground state in 1*Gd are somewhat
stronger than in !’Gd. Nevertheless the correlations in the
ground states in '*°Gd and '*®Gd are weak. A system of
nonlinear equations that describes the correlations in the
ground state outside the framework of the RPA was solved
in Ref. 22. The contribution of the pp interaction was not
taken into account in this paper. In this approximation the
correlations in the ground state are stronger compared
with the calculations of them using RPA phonons.

In nuclei lying on the boundaries of the region of de-
formed nuclei, especially in transition nuclei, the number
of quasiparticles is increased to 0.3, and thus the RPA
cannot be used. In strongly deformed nuclei the mean
number of quasiparticles in the ground states is small, and
the RPA is valid.

It may be concluded that if the pk and pp interactions
are taken into account the RPA can be used to calculate
states in strongly deformed nuclei in the regions 150 <4
<186 (90<N<112,60<Z<86) and A4>232. One-
phonon states can be used to form the phonon basis in the
QPNM.

4. EQUATIONS OF THE QPNM
4.1. The role of three-phonon terms

Our task is to describe in the framework of the QPNM
the low-lying low-spin nonrotational states of strongly de-
formed even—even nuclei.

We take into account ph and pp multipole interactions.
Usually our wave function contains one-phonon and two-
phonon components. We have investigated the contribu-
tion of the two-phonon components to the wave functions
of the low-lying states. To investigate these contributions,
it is necessary to elucidate the role of the three-phonon
terms. For this we write the wave function of an excited
state in the form

(148,,,)"
v KWO = I/ O
W( 0 0o) % ong 0+ glzg 2[1—{-51( o(1— ;LIO)]U2

0107

v + P+
X8, 111+ 054, "’OKOPg 132Q8 1918202

+ X b

818283
010203

318’283 o161+ 02y +03u3,00K)

+ o+ o+
XF:13283Q81”1Q82”2Q83”3 Yo. (4.1)

Here g=Ap i, py=K,, and b is a numerical factor that

818283
is given in Appendix 2; v=1, 2, 3,... is the number of the
Kg" state. To take into account the influence of the Pauli
principle on the two- and three-phonon terms of the wave

function (4.1), we introduce the function
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-Z/Ko(gz:gi|g1a82)=(1+5glgz)_l GEU 801u1+a,}12,00K0<Qg202
192

X [[Qg;al:Q;;al] ng“zl)’ (42)

FKo(q,187) =H%0(g,,81181,82)- (4.3)

Its explicit form is given in Appendix 2. The normalization
condition for the wave function (4.1) in the diagonal ap-
proximation of the function .%%0 has the form

Z(RV) + 2 (B )[4+ 7 (g18))]

£1282

+ 2

1
(Fy g8’ [1+5 [ Koxt1(gyg3)
8182283

+~75/K°*"2(8183)+-7VK°*#3(8182)]I= (4.4)

We find the expectation value of

HoKo

QPNM ™

WS onoxoilaQAOKOiza+Hf2K 0

iip

2 Eqa;-aaqa_ z

hiho
for n,, =1 with respect to the state (4.1):

(W*(K00) H2KO

QPNM ¥,(K;°00))

—ngo(R")2+ > (P glgz
81282

X [0g,+@g,+ A0 (g1,82) 1 [ 1+ %0(g18,) ]

+ 2 (Fype) (g +A0g)
81282283

X (14 % Ko*r1(g,g:))
+ (0g,+Awy)) (14K 0*12(g),83)) + (o,

+Aw,,) (14X %=k (g ,85))]

(1485,,) 12 .
[1+6kp0(1—-8,,0)] 72 R'OPgngU;gz( 1

08182

+ X %0(g187))

- z z (1+68182)_1/2

8182 glglg! [1+8x0(1—8,0)]1"*

82
bygg P Frr U
X OgigieiFore g{gégg 8188’

(4.5)

where

16k 0
+
1+6 1+6

Aw(gig) =—

£18 4 1328#

X Z{W "(82:g1|g1,<§’2)W/ll !

iyi’
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+ I Eo(g} 21| 1,82) W27}

It'

(4.6)

Here g} = Ayui’, 8 = Ayuyi’, and W are determined by
(2.14) and H)2 by (2.29);

Awg = — Wf‘,f“[%” oxh3(g,,81]€182)
+%/K°i"2(83,gf|8183)], (4.7)
UZTg2(1+ﬁ/K°(81,gz))
—3 2 Boyuy+oypy.00Ks
0102
X [(QgooeH0 00, Cray) +Be:1, (4.8)
182 = , 2 K. )
Uilgg 6313102533(1-*-’%/ *(82¢3))
+OggUs, (147 2(g1g3)) +... (4.9)
1°3

The explicit form of the functions Uggg is given in Appen-
dix 2. Using the variational principle in the form

8{ (W, (K0) Ho W, (K°00) )

QPNM

—E[(W¥(Ky°0) ¥, (K'00)) —11}=0,  (4.10)

we obtain equations for the energies E, and the wave func-
tions (4.1); they have the form

(1+Sglgz) 172 .
[1+8k,0(1—8y, o)]l/zl:”"‘gzU"’lg2

(0 —E)R}— X
8128

X (1+%%(g,,8,)) =0, (4.11)
[@g, +wg, +A0(8182) — —E,J(1+ % %(g,,8)) P, 2.8

(1+68182 Ueo

o 140k 01— ,uO)]I/2 816

) 172

( 1 +6g,g2) —172

K
X (1+% %0(g1,8,) )R} — (148, o(1-5, 17

182

X U8 R, =0
,2, , 8188 gl siggs
818783

(4.12)

{(wg;+Awg;)[1+WKoiﬂi(g;gs)]+(wg5+Awg5)
X [1+zf'<o*ﬂi(g;g;>] + (g +Aag)
X [ 147 Foxi (gigh) | — B[ 14+ 7 Fo=+i(g3g3)

+ Kok (gigh) + T o= (i) || Fy

—172
(1+8,,) © p _g

by U2 P —
4T) [1+5K0 o(1-4 10)]1/2 8825 " g1y 182

(4.13)
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v
If we find angzez from (4.13) and R,~0 from (4.11) and

substitute in Eq. (4.12), we obtain

2 Pro| [0 +0,+80(818) —E,] (14 750(g1,8,))8,, 28,

8128

(1+aglgz)—l/2 (1+6g(1)g(2))—1/2

28U, (1+75(2180) (1+.770(81,82))

B i [1-|-51<0,0(1—5,110)]r/2 [1'1"51(0,0(1—5,“1’0)]1/2

- -12
(1+8,,) "2 (1+6240)

cogo—Ev

v e

(148, 0(1—8,,01"% [1+8¢,o(1—-8,%)1"

818,83
(1)8(2) 182
B 818585 818583 o (4.14)
8T8} .85.85) — Eu [ 1+ 7 50%Hi (g} .g5) + F o= (g} g3) + 7 Koxki(g] ,g5) ’
I
where
’ d E 6 z (1+'~z/‘Ko(glg2)
J(81:82:83) = (0 +Awy) (147 Fo*k1(g] g7)) et|| (g, —E,)8; i — oo, (14850 [1+8¢ 0(1—8,0)]
+ (g +Aag) (14+7 o=t (g] g1)) 0 g
818 818

+ (g +Any) (1+.% Ko+ki(g] g))).

To describe the fragmentation of a two-phonon state, it is
necessary to find a solution of the system of equations
(4.11-4.13) with allowance for the normalization condi-
tion (4.4). In this case we are not justified in ignoring the
nondiagonal terms in Eq. (4.12), since otherwise spurious
solutions appear.”> We investigated the influence of the
three-phonon terms in the wave function (4.1) on the con-
tribution of the two-phonon configurations to the wave
functions of low-lying states. In this case we can ignore the
nondiagonal terms in Eq. (4.14) and make a restriction to
the terms with g, =g} and g,=gJ. In such an approxima-
tion the influence of the three-phonon terms reduces to a
shift of the two-phonon poles, which we denote as A(g,g;).
This shift is nonvanishing if for the phonon operators in
the three-phonon terms of the wave function (4.1) bosonic
commutational relations are applied. The contribution of
A(g,g,) is in the opposite sense to the contribution of the
shift Aw(gg,), and therefore allowance for the three-
phonon terms reduces the value of the two-phonon pole.

In such a diagonal approximation we obtain two equa-
tions, which are (4.11) and

[wg, + g, + A (g182) + A(8182) —E, 1 Py o,

A48g) 2
T4 8k 0(1-8, 0017 o

818 Yo

(4.15)

From this we obtain a secular equation in the form
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=0. (4.16)

X
@g, +0g,+ A0 (818) +A(8182) —E,

This secular equation differs from the one used in Refs. 3,
16, and 17 by the additional shift A(g,g,).

The order of the determinant (4.16) is equal to the
number of one-phonon terms in the wave function (4.1).
Inclusion of the Pauli principle in the two-phonon terms
(4.1) leads to the occurrence in (4.16) of the factor (1
+ J¥¥o(g,g,)) and the shift Aw (g,8,) of the two-phonon
poles. The three-phonon terms in (4.1) give the additional
shift A(g,g,).

The form of Eqgs. (4.11), (4.12), and (4.13) and the
order of the corresponding determinant do not depend on
which ph and pp multipole and spin—multipole interactions
are taken into account and are also independent of the rank
ngax Of the separable interactions. Equations (4.11),
(4.15), and (4.16) are the same as the equations of the
previous studies of Refs. 1 and 3, in which only pk multi-
pole interactions were taken into account. All the compli-
cations that arise from the form of the interactions are
manifested in the RPA equations. This means that in the
framework of the QPNM one can use arbitrary compli-
cated interactions represented in separable form.

Many-phonon terms have been taken into account in
the wave functions of excited states in a number of studies,
for example, in Refs. 20, 24, and 25.
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4.2, Equations of the QPNM with wave function
containing one- and two-phonon terms

Calculations of the energies and wave functions of non-
rotational states of even—even strongly deformed nuclei are
often made with a wave function containing one- and two-
phonon terms in the form

¥, (K300) = | 2 Ry Qi ki,
o

( 1 +6/1 /126K1K2611t2) 2

172
Mkonoy 2[1+68k,,0(1—8k 0)]
LU )

+

X 8o,k +ayky koA, K iy

XQZK,ilale;Kzizaz ¥o. (4.17)
Its normalization condition has the form
, RY 2 P . )2
%( o (41K1i1)> (A,K30) Paisiirn)
X [1+ 7 50(AK1i1,A:Ki) | =1. (4.18)

The equations for finding the energies E, and functions
R,‘.; and P" have the form

( E,)R] > (14+83,1,8,81,) "
®) Ki— v _
A’OKOIO v o 1Ky > 2Ky [1+6K0,0(1_8K1,0)]172

v oKolo
X P’llKl"x AKyiy UiKn"x AaKoly

X [14+F KoK}y ,A,K i) 1 =0. (4.19)
(@2, ki, + @1k, + A (41K4i1,A2K0)
X +A(A1Kiy,A,K50) —'EV]PXIKlil AyKoiy
(1483,4,8x,x,81,) ™ 2
" [1+8k,0(1—8¢0)]1"* 4 K""AZKZ'Z
(4.20)

The determinant of this system has the form (4.15),
and its order is equal to the number of one-phonon terms
in the wave function (4.17). The shift A(4,K,i;,4,K,i;) is
due to the allowance in the diagonal approximation for the
contribution from the three-phonon terms added to the
wave function (4.17). It has sign opposite to the sign of the
shift Aw(A,K,i;,A,K,1,), i.e., it reduces the magnitude of
the two-phonon pole. In accordance with a numerical es-
timate it is approximately 0.2Aw(4,Ki;,A,K50,).

The function Uj"ﬁ":." 1k.i is an incoherent sum of

12151727272
many terms that contain the matrix elements f*%(g,g,)

and the direct and inverse RPA amplitudes 1/:{1‘1'42 and

¢‘I,(;;,2, respectively. In deformed nuclei the terms with op-
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posite signs cancel each other. As a result the numerical
values of this function range from 0.01 to 0.20 MeV and
only in some cases take values greater than 0.2 MeV. In
spherical nuclei the largest terms in Uj i iy have the same

sign for the first roots of the secular equatlon and therefore
the numerical values of U’: iy in a spherical nucleus with

open shells are greater by one or two orders of magnitude
than in deformed nuclei.
In order to investigate the influence of a density-

dependent interaction on the function U'1 K 2 JKyiy? W€ €5
11> 22

timated its values us1ng RPA wave functlons calculated
with the interaction W, i, in the form represented in
(3.27). We took into account density-independent separa-
ble forces, and also forces having a maximum on the sur-
face of the nucleus. According to our calculations, the nu-
merical value of U‘z‘g{,m in '®Er is increased by 10% for
£=0.1 as compared with {=0. This means that a density-
dependent separable interaction has a weak influence on
the low-lying vibrational states in strongly deformed nu-
clei.

The terms of the QPNM Hamiltonian that contain the
operators

(QF:, 09k, - o+ Ckip— o Ckiyo)s

do not change the poles of the secular equation (4.15) but

0!0 . .
act on the function U'l K iy Ay According to our esti-
mates, this influence is small.

4.3. EA and MA transitions from the ground state to
excited states and between excited states

We write down expressions for the reduced probabili-
ties of EA transitions from the ground state to an excited
state and of EA and MA transitions between excited states.
The reduced probabilities of EA and MA transitions from
the O+ _ground state to an excited state with fixed values of
I'K, can be expressed as

B(EA0;, ~I'K,)
= (2—8,0) (004 | IK)?e

1+8#0 v (2) A (+) /l;u ?
2RI 2w (D) 2 P90y 8 |
99’

(4.21)
B(MAO}, ~I'K,)

=(2—8,0) (004 | IK) 2,

[ EIZR”; q}q‘,*l‘ A MApsaq u,, wihy (ag’ )]

(4.22)

where pA“(qq') is the single-particle matrix element
f™(qq') with radial dependence #* instead of AV/dr,
(’1) # (7) is the proton or neutron effective charge;
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T, (MAu;qq’)

-}

38 () (011D,

+8i1(1) 705 +1 (YD

3 1
C(Mluqq’) = J;(qlggiﬁ(r)wg?“(r) 1 ’q’ >
(4.24)
&T(p) = 1, &(n) = 0, g¥(r) is the effective spin gyro-
magnetic ratio, gﬁﬁ(f) = geﬁgﬁf"ee) (7), 1/20 is the spin, and
py is the nuclear magneton. The reduced probabilities of

EA or MA transitions from the initial state IO/IOKg"vO to the
final state J A (K ; "Jv; have the form

q > , (4.23)

B(Ay; gOKovo—Jffovf)
= [1+(5K00—5Kp)2]{<10KMK
—Kol )‘II (Kﬂoa'o)) ' + (Io—KoAK

Kol 1K )| (W3 (Ko = —00)

M(Ap=Ko+K ¥, (Ki°00)) |}, (4.25)
(\I,tf(K;qu)gje(/l;y= | K £ Ko) W, (K3°00))
_ IOZR:,ORV,B;:’,; EM;E#T;'?' (4.26)
'
Here
g E=2ead () T PHaay)
919293
[¢;1;;§oto¢';fq’§ﬂ/ ¢2'1>;§°’°¢';2qu/' 4 ] (4.27)
G =2 2 T MAngig)vg,)
T 419293
[ ¢;1;);§010¢';fq’§f’f ¢j:>;§o'o¢22fq’:f'f (4.28)

MA”(E)—— ze(l)(,’.) z plly. qq )u(+) 37’3’ (429)
99’

1
M*(M)=5 X X T (Mg Y,

T g9

'y(qq' Y

’

qq'
(4.30)

TH= ER”‘)P’f 1+ 7751 (2083) 1 (148,5) '
X[1+6Kf,0(1_6K0,0]_1/2
+ ER”;‘P"" [14+.%%0(g/85) 1 (148, )"
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[1+5K0,0(1_6K/-,O)]_1/2’ (4.31)

where in (4.31) the signs + and — are used for electric
and magnetic transitions, respectively, go=AK¢i,
8r=AgK,, g=Ajui;. We ignore the probabilities of
gamma transitions between the two-phonon terms of the
wave functions of the initial and final states because they
are small. We take into account transitions between the
one- and two-phonon terms. To calculate the matrix ele-
ments of gamma transitions between excited states, we
make the following transformations. We express the oper-
ator (4" (qq’,u0) +A(qq’;u—0)) in terms of the phonon
operator Qj;,. in the operators of the gamma transitions.
For the E1 transition octupole phonons with g;=A,ui;,
A3=3, p=0, and 1 are used and for the E2 transition
quadrupole phonons with A;=2, u=0, 1, and 2. In the
operators of the M1 transition quadrupole phonons with
83=Aspiy, A3=2, and u=0 and 1 are used and in the M2
transition octupole phonons with 1;=3, u=1 and 2. The
low-lying K"=0%, 1%, and 2™ states are treated as quad-
rupole and octupole vibrational states. As is shown in Ref.
19, the isovector dipole interaction leads to a renormaliza-
tion of the constant of the isoscalar octupole interaction
and to a decrease in the B(El;O;s_ —17K) values. This has
a weak effect on the largest components of the wave func-
tions of the K"=0" and 1~ one-phonon states. The spin-
multipole AA—1K interaction has a weak effect on the
wave functions of quadrupole and octupole states.” There-
fore in our calculations of the gamma transition between
the one- and two-phonon terms of the wave functions of
the initial and final states we do not take into account the
isovector dipole interaction and the spin-multipole interac-
tion.

There are experimental data on the intensities of
gamma transitions between excited states. We compare the
experimental ratio of the intensities with the results of the
calculations. We use the following expressions for the
probability of decay per second:*

W(E1)=1.59-10°E}B(E1), (4.32)
W(E2)=12210°E,B(E2), (4.33)
W(E3)=5.67- IOZEZ,B(E?,), (4.34)
W(M1)=1.76-10"E,B(M1), (4.35)
W(M2)=135-10'E,B(M2), (4.36)

where the photon energy E, is given in mega-electron-
volts, B(EA) is measured in umts of &f 'm?, and B(MA)
in units of pyfm* 2.

5. CONCLUSIONS

In this review we have presented the mathematical for-
malism of the QPNM constructed to describe the energies
and wave functions of low-lying states of even—even
strongly deformed nuclei. This formalism is suitable for
describing excited states of the nuclei for which the corre-
lations in the ground states are not strong. In the frame-
work of the QPNM one can calculate the probabilities of
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electric EA and magnetic MA transitions from the ground
state to excited states and between excited states. One can
compare the largest two-quasiparticle components of the
wave functions as extracted from experimental data on
single-nucleon transfer reactions and unhindered allowed 8
decays with the two-quasiparticle contributions to the
dominant one-phonon component. For 0% states one can
calculate the values of p? associated with EO transitions,
X(EO0/E2), which are determined by the reduced proba-
bilities of EO and E2 transitions, and also the spectroscopic
factors of (¢,p) and (p,?) reactions normalized by those for
transitions between the ground states. The Coriolis inter-
action with the calculated wave functions of nonrotational
states can be calculated usually in the cases when its influ-
ence is not large.

The mathematical formalism of the QPNM can be
used to describe excited states of even—even strongly de-
formed nuclei. It provides a basis for further study of the
properties of deformed nuclei.

APPENDIX 1

We give the operators, matrix elements, and functions
that are encountered in the QPNM Hamiltonian:

A (q,g5;K0)

r
A+(q1q2;K0') = z 60'(K1—K2),0K‘7’ﬂ+ et
a’

a0’ g—o ’

lf |K1—K2| =K,

At (q19,:K0) = g 8o (Ky+Ky).0K% %
L if |K,+K,|=K;
(A1)
a*)(g,9,;K0)
a*t(q19:;K0) = ; 50'(1(1_1(2),01(‘1;5,&;_,, )
if |K,—K,|=K,
= (A2)
at(qqKo)= 3 80’(K1+K2),0K"'a:zv'a;1a”
o.l
\ if |Kj+K,|=K;
3+ (919::K0) =0y (q:9) 4" (9:92:K0),
at(q\9,;K0) =04 (q,4,;K0). (A3)

X(0192)=—x(9:41), x*(q142) =1,
x(@:91)a" (919,;K0) = —a™ (919,;K0)
=a*(q,91;K0);
1, if 0K;40,K,=0K,
aalK”"le’”K: 0, if 01K +0,K)70K,
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for all K>0, o=+1. After simple manipulations we ex-
press the operators A(q,q,;K0), A(q,4,;K0), and
a(q,9,;K0) in terms of the phonon operator (2.5):

~ 1—io Ki, Ki
A" (g4riKo) == 2 [ Voo Qo+ b0 Qo]
Lo}

- 1—10' i
A" (q192:K0) =— x(q14) 2 [¥;° OF:,
:}2 o 192

Kiy )+
+94,0, %0 (A4)

o—I Ki,
a*(9192;K0) =7 x(q1492) z [%llng;fioa*‘ ¢qlq2QIJ&0—a]-
Ly}

(

Z 60"(1( —K,) o’I(a+ 1ot s
1 1 27 q10’ 2
o

lf |K1 —K2| =K,

B(g192:K0) = (AS5)
Z 80"(K1+K2),0K‘7'“;0»‘1q2-a' ’
g
Llf IK1+K2| =K.
B(q195:K=0)= X o} 0,
g
p
Z 5a'(K, —KZ),aKv’a;,,,am' ’
g
lf |K1 '—Kz | =K,
B(q19,;K0) = (A6)

28 :
p o’ (K)+K,),0K% %o

lif |K,+K,| =K.

The matrix elements of the multipole and spin—multipole
operators can be expressed as follows:

F5(@13) = (@1 | RA(P) Y1x(66) | 4)

B ;ﬁK(%%),
K@) x(9192)s

if |K\—K,|=K;
lf IK1+K2| =K,
(A7)

S i) =41 Ry ({0 11(69)} 1kl o)

Fi* K (q192) =f~”:,1’lK(4142)X(¢1142) + /5 (q197).

For simple separable interactions with radial dependence
R(r)=0aV(r)/dr, where V(r) is the central part of the
Woods—Saxon potential, the matrix elements have the form

av(r)
f’lK(4142)=<41‘ ar Y,x(6¢) 42>, (A9)
av(r)
frE1k(g,g)) = <41 arr {0Y,.1(00)} 1k 42>-
(A10)
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APPENDIX 2
b __1 (1+63182+63283+6§133+26313263133) v
6 143 8g,p(3=80— 80— 8,01

(A11)

WKo(nglllilii | A11i182)

1
= =0y, 41, %, 146
8182
1#1‘1 Arpiy
X 2 Kz 3[ Qe 1/’tnqz ¢q4q2¢q4qg

1929394

Api pAsi 44
¢q1q3 ¢qlqz ¢q4q2 9 [ K- K2'“16K4 =Ky

X 48k, Ky 0K, Ky + 0Ky — Ky yu Kyt Ky
+0K,+ Ky, Ok, Ky Ok, +K2’#16K2+K44‘2]’ (A12)

-z/Ko(gz/llﬂlii | A1p16182)

5 1
B Z R YL
146,
Ay g Ay @
X z 6K2K3[I/}qlq3 1/}11112 ¢1412¢44Q3
91929394

¢/11M111¢11#1"1 73 5
09y "T99 Ta49 ‘1403 Kl Ky “Ky—Kyoy

+0k,— Ky i Oy Ky

+6K1—K2’#16K2+K4’P2+5K1+K2’F16K4—K2»I‘2]’ (A13)
—_ 1 082
3182 21 21_: ;q: {Vg (aq’ )Tiq By
+V2(aq) T, }
(A14)
8280 %o
qq iy z U q s q3q+¢q3¢1 ¢q3q
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xe?,;‘?K°(1+6xo><1+6K00(1 8u0))

where 6?:,2K° = —1, if K+K'=p or K;4+K'=p or

pi+p,=K, or u;—u, =K, and is equal to 1 otherwise.
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